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Plan of the talk

1. Self-excuses why unpublished (30 min)

2. Talk itself (15 min)




Until now, numerical modelling of geodynamic
processes has been the domain of highly trained
mathematicians with long experience of numerical
and computational techniques. Now, for the first
time, students and new researchers in the Earth
Sciences can learn the basic theory and applications
from a single, accessible reference text,

Assuming only minimal prerequisite
mathematical training (simple linear algebra and
derivatives), the author provides a solid grounding
in the basic mathematical theory and techniques,
including continuum mechanics and partial
differential equations, before intraduding key
numerical and modelling methods. Eight well-
documented and state-of-the-art visco-elasto-
plastic, 2-D models are then presented, which allow
robust modelling of key dynamic processes, such
as subduction. lithaspheric extension, collision,
slab break-off, intrusion emplacement, mantle
convection and planetary
core formation,

Incorporating 47 practical exercises and 67
MATLAB examples (for which codes are available
online at www.cambridge.orgigerya), this textbook
provides a user-friendly introduction for graduate
courses or for self-study, and encourages readers to
experiment with geodynamic models, first hand
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This hands-on introduction to numerical geodynamic
modeilling provides a solid grounding In the necessary
mathematical thecry and techniques, Including continuum
mechanios and partial differential equations, before Intro-
ducing key numerical modelling methods and applications.
Fully updated, this second edition Includes four complete-
Iy new chapiers covering the most recent advances In
modelling Inertial processes, salsmic cycles and fuld-sol-
id Interactions, and the development of adaptive mesh
refinement aigorithms. Many well-documented, state.of-
the-art visco-clasto-piastio 2-D modeis are presented,
which aliow robust modeling of key geodynamic process-
es. Reguiring only minimal prerequisite mathematical
training, and featuring over GO practical exercises and 950
MATLAB examples, this user-friendly resouros encourages
experimentation with geodynamic modeis. It Is an ideal
introduction for advanced courses and can be used as a
self-study aid for graduates seeking to master geodynamic
maodeiling for thek own research projects.

Online Resources
www.cambridge.org/gerya2e

CAMBRIDGE
UNIVERSITY PRESS
www . camiridge.org

ISON 978-1-107-745142
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What’s new?

Free surface stabilization
(Chapter 8)

8

The advection equation and marker-in-cell method

Theory: Advection equation. Solution methods for continuous and discontin-
uous variables. Eulerian schemes: upwind differences, flux corrected transport
(FCT). Lagrangian schemes: marker-in-cell method. Runge—Kutta advection
schemes. Interpolation between markers and nodes. Continuity-based velocity
interpolation. ‘Sticky air’ approach. ‘Drunken sailor’ instability. Stabilization
of free surface.

Exercises: Programming of various advection schemes and markers.
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What’s new?

New 3D elastic stress rotation algorithms
(Chapter 12)

According to this approach, 3D rotation is represented by a vorticity pseudo-vector (&),
which has three components:

12 1 fov. v, _1(ov:_0v _Lfov, ov
o o w‘_z(ay az>""y_2 oz o) 2\ ) (12.37)
Elasticity and plasticity

The 3D algorithm can then be summarized as follow{(Popov et al., 20144, pe@
communication).

(1) Compute the vorticity vector magnitude:

Omag = \| 0} + @2 + @2 . (12.38)

(2) Compute the unit rotation vector 7, which also has three components:

Theory: Elastic rheology. Rotation of elastic stresses. Maxwell visco-elastic Wy o, .

rheology. Plastic rheology. Plastic yielding criterion. Plastic flow potential. ny = P n, = T n; = P (12.39)
Plastic flow rule. Visco-elasto-plastic rheology. mag mag mag

Exercises: Stress buildup/relaxation with a visco-elastic Maxwell rheology,
elastic stress rotation programming.

(3) Integrate the incremental rotation angle:

0 = Wpagt. (12.40)
(4) Evaluate the rotation matrix using the Euler-Rodrigues formula:
1 00 0 —n n nn, ngn, o nen.
Ry =cos(@)]| 0 1 0| +sin(@)]| n: 0 —n |+ (l - cos(O)) nyny  ngny  nyn: |
0 0 1 —n, n 0 n.ne n.n, n.n.
(12.41)



What’s new?

Better visco-elasto-plasticity treatment
(Chapter 13)

visco-elasto-plastic iterations on Lagrangian markers log viscosity, Pa s

C) weak medium
22
13 weak
. . . . inclusion 21
2D implementation of visco-elasto-plasticity 2350
2c L] -_'.'..-.-):; .......
20
} /J \ .
strong block
18
one iteration per time step
17
Theory: Numerical implementation of visco-elasto-plastic rheology. .
Organization of a thermomechanical code in the case of a 2D, visco-elasto- visco-elasto-plastic iterations on Eulerian nodes log viscosity, Pa s
plastic medium. Numerical treatment of plasticity. Visco-elasto-plastic iterations. 23
Visco-plastic rheology.
Exercises: Programming 2D thermomechanical codes with a visco-elasto- 22
plastic rheology. .
21
\ 20
19
18

tolerance 3x10° Pa tolerance 3x10¢ Pa

17



What’s new?
Modeling of compressible materials
and inertial processes
(Chapter 14)

“Bouncing ball” experiment log viscosity, Pa s

ball 20
0 m/s 15
10
. . . . 5
2D thermomechanical modelling of inertial processes
0
time=0s . time =1.54s- -~
“Breaking bridge” experiment log viscosity, Pa s
20
15
Theory: Numerical implementation of inertia and elastic compressibility. tensile fracture 10
Organization of a thermomechanical code in the case of 2D, visco-elasto-
plastic deformation with inertia. Thermomechanical iterations. .
Exercises: Programming a 2D thermomechanical code with inertia. RECEE 3
' 0

time=0s time = 0.65 s




What’s new?

Modeling of earthquakes

(Chapter 15)

15

Seismo-thermomechanical modelling

Theory: What is seismo-thermomechanical modelling? Rate-dependent fric-
tion. Rate- and state-dependent friction. Regularized rate- and state-dependent
friction formulation. Invariant plasticity-like reformulation of rate- and state-
dependent friction. Adaptive time stepping. Organization of a seismo-
thermomechanical code. Visco-elasto-plastic iterations.

Exercises: Programming a 2D seismo-thermomechanical code.
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What’s new?

Modeling of two-phase flow processes
(Chapter 16)

16

Hydro-thermomechanical modelling

1 | Define initial computational
time step At
A
2 Interpolate marker
properties to staggered nodes
v

3 | Compute mass transfer, solve
the momentum and continuity
equations for solid and fluid

!

Theory: What is hydro-thermomechanical modelling? Fluid percolation
processes. Darcy law and its derivation from simple principles. Permeability
and its dependence on porosity. Governing equations for modelling coupled
hydro-thermomechanical visco-elasto-plastic systems. Visco-elasto-plastic
compaction. Mass transfer. Organization of a hydro-thermomechanical code.
Hydro-thermomechanical iterations. Toy melting and dehydration models.
Exercises: Programming of 2D hydro-thermomechanical codes.

4 Compute nodal stresses
and stress changes

A 4

5 Compute adiabatic and
shear heating

T —— |

Return to Step 1
(next time step)

B={T, 63, F, ¢}

new B

coordinate={x, y:}

12

Advect markers, rotate stresses,
advect temperature, pressure
and chemical compositions

t

11

Interpolate temperature
changes to markers

3

10

Interpolate velocity, pressure,
porosity and stress changes
to markers

1

Apply conditions for
the displacement time step Az,
reduction compared to A7

1

A4

6 Solve the temperature
equation

Return to Step 3
(next iteration step)

Apply conditions for
continuing iterations
and time step Az reduction

1

Adjust visco-plastic
viscosity at the basic nodes




Optimal formulation of conservation laws:

Using formulation by Yarushina and Podladchikov (2015)
based on principles of irreversible thermodynamics

momentum conservation for fluid — nertia
p_ K (or
qi "
mass conservation for fluid
5 D'ing/  Dlnp* Dln(1 — ¢)
Dt Dt Dt

/g, mass transfer
Gx]

rm ass .t

P

+ le((jD) )f/)g(l . ¢)

momentum conservation for bulk (solid+fluid)

ody o (D
— ) .
an OX; P& Dt

mass conservation for solid
D’ lnp? N D’ln(1 — ¢)
Dt Dt

energy conservation for bulk (soIid+quid)

DfT od"
B P o . q
(1—¢)p C ——+ ¢/ C, P = _ax,-+



Poro-visco-elasto-plastic rheology:

Using visco-elasto-plastic formulation by Yarushina and Podladchikov (2015)
based on Biot’s poroelasticity theory (Biot, 1941)

!

Maxwell visco-elasto-plastic model: & = &jpiscous) T Ei(etastic) + Eiiplastic)

where

X |

ij(viscous) — Zaij’

, | Do,
éi' elastic) — ~.. ’ )
jela: 2u Dt

o

Ejj(plastic) = 0 for on <0'yield,,
X o aGplastic . Ojj fi —
Eij(plastic) = X oo, 2oy or o T Oy
y
Gplastic = o1,
1,
B 2
on=1/5%">

1 — Vint

Oyield = Oc (confined fractures)

critical hydro-mechanical feedback

(tensile fractures)
— Vint

P = (1— 9P + 4P,



Self-consistent formulation of closure relations:

Using visco-elasto-plastic formulation by Yarushina and Podladchikov (2015)
based on Biot’s poroelasticity theory (Biot, 1941)

mass transfer

D’in(1—-¢)  p* (D'P" DP o DT
Dt _(1—¢)<Dt_Dt>_(l—¢)Dt+(

Dslnp*  f°  [(D*P ¢Df P DT
= — Q|
Dt 1 —¢ \ Dt Dt

Dflnpf_ D'Pf afoT @
pt " Dt Dt




How to formulate mass transfer related terms?
C-component approach
(C-component = Chemical trash can)

1. We characterize complex reactive mass transfer by considering a net mass transfer AM=X AMi, where AMi is the mass
of i-th chemical component transferred from the solid to the fluid during a time increment At: positive AMi values
corresponds to the mass transfer from the solid to the fluid (dehydration, melting, dissolution, etc.), whereas negative
AMi values imply the mass transfer from the fluid to the solid (hydration, solidification, precipitation, etc.).

2. The transferred mass AM is formally described as a single chemically complex pseudo-component C of the solid and
fluid. Stoichiometry of C-component is given by C=XAMi/AM*Ci, where Ci is chemical formula of i-th chemical
component.

3. C-component has different density in its solid (p*;) and fluid (p.) state, which can also differ from the bulk density of
the solid (p°) and fluid (p/).




How to formulate mass transfer related terms
with C-component approach?

mass conservation for solid (porous matrix divergence depends on mass transfer)

G (3 DP! p D'P P—P [ o \D'T
@)+ 84— ) + g (g ) Bt

mass conservation for fluid (Darcy flux divergence is independent of mass transfer)
D'Pt 1 D'P P-P D'T . aof D’T
T ’ "

Dt Ks Dt - d - 1 —¢)¢ ) Dr

div (C_]‘D) - KBWﬂd(

The advantage of C-component approach is that the form of the discretized
conservation equations becomes independent of the actual chemistry,
thermodynamics and kinetics of mass transfer, which can be computed separately
during SHTMC-iteration.



How to formulate mass transfer related terms
with C-component approach

mass conservation for solid (porous matrix divergence depends on mass transfer)

G (3 DP! p D'P P—P [ o \D'T
@)+ 84— ) + g (g ) Bt

[)usss A%, A° and A’ can be formulated locally as a function of six independent

quantities: porestiyrand density of the solid and fluid before (i.e., for the beginning of the
time stepf ¢°,p*,p°)) and after (i.e., for the end of the time step, chemical
reactions.
1 1 Il —R
Uimass | — — - | — -
,Ué P At
INITIAL/FINAL volume ratio Ry = 4 = P (1 _ ¢) + pf¢ FINAL/INITIAL density ratio
Voo po(1—¢°%) + pg’




How to formulate mass transfer related terms
with C-component approach e

ve  p(l—¢)+p¢
INITIAL/FINAL vol ti Ry = = FINAL/INITIALd it ti
/ volume ratio Q p“’(l — ¢0) +/)f0¢0 / ensity ratio

TAM _ Ryp*(1—¢°) —p*(1 —¢) _p/$p — Ryp”¢°

prmass _ — 7
l—~massA¢ _ RV(¢ - ¢0)
Ar(1 — ¢)

R | — o Y]
7S 45 V ¢ | — /)_
At | — ¢ /)S '




How to implement coupled SHTMC equations?
Global iteration i

1 | Define initial computational |_ Return to Step1 |, |12 |Advect markers, rotate stresses,
time step Ar b (next time step) [ advect temperature, pressure
and chemical compositions
' B={T, ;;, P, §} t
) Interpolate marker 4 11 Interpolate temperature
properties to staggered nodes » g changes to markers
new

-

thermodynamic
box to compute

\ 4

Compute mass transfer, solve
o _so fo s Af |the momentum and continuity
equations for solid and fluid

4 Compute nodal stresses
and stress changes

10 | Interpolate velocity, pressure,
porosity and stress changes

to markers
r 3

9 Apply conditions for
the displacement time step Az,
reduction compared to Af

Y \

A 4

T, N )

5| Compute adiabatic and coordinate={x, y} H8 Apply conditions for
shear heating i continuing iterations
L and time step Az reduction
Return to Step 3 Y
L 4 (next iteration step) \j _/
6 Solve the temperature 7 Adjust visco-plastic

equation viscosity at the basic nodes

\ 4




Numerical Geodynamic

Modelling

Examples

10N

ion/dehydrat

del of rocks hydrat

amic mo

Y

16.11 Toy thermodyn

del of mantle melting

amic mo

P/=0 Pa

o

16.10 Toy thermodyn
(a)

e

600

1400 1500

800 900 1000 1100 1200 1300

700

10
9 4------

211

T
|
|
|
Y

quidyg

//

i

T
|
|
1
1
|
'
'
1
'
|
1
'
-~ ====r==fq----F
1 1 1 1 | 1 |
' ' 1 ' ' ' '
1 ' 1 ' | 1 |
1 1 1 1 1 1 |
' ' 1 ' ' ' '
1 ' 1 ' | ' |
1 1 1 1 | 1 |
' ' ' ' 1 ' '
1 ' 1 ' | ' |
| 1 | | | |
| [ 1 |
[ M\Nn&ﬂﬂ‘MW~Nmﬂwa~sh N 1 ]
H ' 1 ' A ' '
1 ' 1 ' | ' 1
1 ' 1 ' | 1 |
| ' 1 ' | | |
| ' 1 ' 1~ |
' ' 1 ' | I,
1 ' | ' | "vA .-Mw
| ' 1 ' | | |
1 I -] 1 I '»
1 1 1 ] 1 1
| ' 1 VA ' ' ]
' ' ' ' ' '
(=3 (=3 S = (=3 S =3 =3 S
=] > > > > > > > >
— > =) o« © o - o o
o (o} — — v— — - — —

0.6 0.8
T, K i

0.4

0.2

1800

[

logETA,Pa*s step=590

0 100 200 300 400

0

1600

50

22

50

T,K

00

1

100

0

logETA,Pa*s step=1000

0 100 200 300 400 500 600 700

1400
1200
1000
800
600
400

=} Q =} Q
=} =} =3 [=)
- Y @ <
N = o 9 ®© N~
N N & - = -

o
=)
~
o
Q
@
o
Q
)
o
=]
5
o
1<)
®
o
o
1Y
o
1=}
o

o o Qo (=] (=]
o (=] (=] o
L o @ <

g g8 s s s

s & 8 8 8§

1400

o
8 8 83 8 8 8 8 8
2 & & 8 &8 8 %8

21

500

400

300

200

100

0

420
19
18
17

500

150

200
250
300
350
400
450
500

09

50

05

w

)

50

0.5

XWs, m/s

B

0

5

=1

0.4

100

-2

0.3

2.5

200

0.2

-3

0.1

300

-3.5

0

400

-4

B T

100

0.8

150

15

100

07

200

06

250

200

05

300

350

300

0.4

400

03

450

35

400

02

|

500

100 200 300 400 500 600 700

0

100 200 300 400 500

0

-4



What’s new?

Adaptive mesh refinement
(Chapter 17)

visco-plastic rocks

17

Adaptive mesh refinement

{{{|

| R i —

Theory: What is AMR? Mesh refinement with staggered finite differences.
‘Swiss cross’ approach. Block-structured AMR approach. Conditions for
‘hanging nodes’. Refinement criteria. Convergence of the numerical solution.
AMR for different conservation equations.

Exercises: Programming of AMR code.

log viscosity, Pa s
19 20 21 22




What’s new?
Color figures, 90 MatLab examples.

“sticky space”
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channel lithosphere
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For more information, and to order, visit:

www.cambridge.org/9781107143142

and enter the code GERYA19 at the checkout

20% Discount on this title

CAMBRIDGE
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Geodynamic Modelling

2nd edition

Taras Gerya
Swiss Federal University (ETH), Zirich

Numerical Geodynamic
Modelling

This hands-on introduction to numerical geodynamic modelling provides a
solid grounding in the necessary mathematical theory and techniques,
including continuum mechanics and partial differential equations, before
introducing key numerical modelling methods and applications. Fully
updated, this second edition includes four completely new chapters

covering the most recent advances in modelling inertial processes, seismic
cycles and fluid-solid interactions, and the development of adaptive mesh May 2019
refinement algorithms. Many well-documented, state-of-the-art visco- 247 x174mm 454pp 66 biwillus. 96
. . . colour illus.

elasto-plastic 2D models are presented, which allow robust modelling of
key geodynamic processes. Requiring only minimal prerequisite

: . : ; : . Original price  Discount price
mathematical training, and featuring over sixty practical exercises and £59.99 c4799
ninety MATLAB examples, this user-friendly resource encourages $79.99 $63.99
experimentation with geodynamic models. It is an ideal introduction for
advanced courses and can be used as a self-study aid for graduates seeking
to master geodynamic modelling for their own research projects.

Hardback 978-1-107-14314-2
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Modeler’s classification of geodynamical processes

Easy to imagine and Easy to model

Difficult to imagine but Easy to model

Difficult to imagine and Difficult to model

@) imagine but Difficult to @




Wortel and Spakman (2000)
Sub@dence

Fig. 4. Plate boundary processes predicted to
accompany lateral migration of slab detach-
ment. The concentration of slab pull forces
causes a pattern of subsidence (depocenter de-
velopment) and uplift migrating along strike. It
also enhances arc migration (roll-back). Asthe-
nospheric material flows into the gap resulting
from slab detachment and causes a specific
type of variable composition magmatism, of
finite duration, and possibly mineralization.

Gerya et al. (2004)

gabbro » eclogite
transition

partially molten
eclogite

eclogitic
oceanic crust

mantle
lithosphere

Fig. 8. Conceptual 3-D model of the slab breakoff geometry inferred
from our 2-D numerical experiments. See the text for discussion.

Easy to imagine but Difficult to model
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30 slah tearing
under Appenine

C. Faccenna et al. / Earth and Planetary Science Letters 407 (2014) 163-174

. Adria
Po Plain North Central Southern

Aspromonte
Apennines Apennines Apennines Puglia

Calabria




surface elevation (km)

-5 -4 -3 -2 -1 0
Po Plain Central Apennines Calabria

Fig. 5. 3D view of the topography on top of the isosurface enclosing the =0.8%
anomaly volume from P wave MO1 tomography model (Piromallo and Morelli,
2003), where the colors indicate depth in km. Notice the correspondence between
low topography and locations of active subduction with attached slab segments and
the slab window beneath the Central-Southern Apennines. Modified from Faccenna

St SRR Faccenna et al. (2014)
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0 Ma end of subduction
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Previous

3D models
(advancing
subduction)



( a) laterally symmetric slab ( b) slab with two offset ridge segments

Slaly hreakoft
U nee_LQ

(2010)




Slaly hreakoii
is neckiny
(houdinage)

(c) laterally symmetric slab

van Hunen and Allen (2011)
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Model
(retreating
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Conclusions

1. Retreating subduction is very efficient in causing slab tearing

2. Lateral tear propagation is controlled by the passive margin obliquity:

Vtear = Vsubduction/ COS((X),
where a is the angle between the margin and subduction direction

3. Subduction may continue with different polarity after tearing




